Let K be a complete discrete valuation field of mixed characteristic (0, p) and GK the absolute Galois group of K. In this paper, we will prove the p-adic monodromy theorem for p-adic representations of GK without any assumption on the residue field of K, for example the finiteness of a p-basis of the residue field of K. The main point of the proof is a construction of (ϕ, GK )-module N ∇+ rig (V ) for a de Rham representation V , which is a generalization of Pierre Colmez' N
Introduction
Let p be a prime and K a complete discrete valuation field of mixed characteristic (0, p) with residue field k K . Let G K be the absolute Galois group of K. When k K is perfect, Jean-Marc Fontaine defines the notions of cristalline, semi-stable, de Rham, Hodge-Tate representations for p-adic representations of G K (see [Fon94a] , [Fon94b] for example). The p-adic monodromy conjecture, which asserts that de Rham representations are potentially semi-stable, is first proved by Laurent Berger ([Ber02, Théorème 0.7]) by using the theory of p-adic differential equations. Precisely speaking, Berger uses the p-adic local monodromy theorem for p-adic differential equations with Frobenius structure due to Yves André, Zoghman Mebkhout, Kiran Kedlaya.
The notions of the above categories of representations are defined by Olivier Brinon when k K admits a finite p-basis ( [Bri06] ). In this case, the p-adic monodromy theorem is proved by Kazuma Morita ([Mor, Corollary 1.2]). Roughly speaking, he proves the p-adic monodromy theorem by studying some differential equations, which are defined by Sen's theory of B dR due to Fabrizio Andreatta and Olivier Brinon [AB10] . In [AB10] , Tate-Sen formalism for a quotient Γ K of G K is applied to establish Sen's theory of B dR , where Γ K is isomorphic to an open subgroup of Z × p ⋉Z p (1)
JK with J K := dim kK Ω 1 kK /Z < ∞. To prove Tate-Sen formalism, we iteratively use analogues of the normalized trace map due to John Tate. Hence, we can not use Morita's approach in the case J K = ∞.
Our main theorem in this paper is the p-adic monodromy theorem without any assumption on the residue field k K . We also give the following applications of the p-adic monodromy theorem, which are not mentioned in the literature: First, we will prove a horizontal analogue of the p-adic monodromy theorem (Theorem 7.4). Secondly, we will prove that the category of horizontal de Rham representations of G K is canonically equivalent to the category of de Rham representations of G Kcan (Theorem 7.6), where K can is the canonical subfield of K. Finally, we will calculate H 1 of horizontal de Rham representations under a certain condition on Hodge-Tate weights (Theorem 7.8). This calculation is a generalization of calculations done by Hyodo for Z p (n) with n ∈ Z (Theorem 1.15).
Statement of Main theorem
Let K and G K be as above. We do not put any assumption on the residue field k K of K, in particular, we may consider the case that k K is imperfect with [k K : k p K ] = ∞. In this setup, the notions of cristalline, semi-stable, de Rham, Hodge-Tate representations are also defined (see 3). Then, our main theorem is the following:
Main Theorem (The p-adic monodromy theorem). Let V be a de Rham representation of G K . Then, there exists a finite extension L/K such that the restriction V | L is semi-stable.
Note that the converse can be easily proved by using Hilbert 90.
Strategy of proof
As is mentioned above, Kazuma Morita's proof can not be generalized directly. When the residue field k K is perfect, an alternative proof of the p-adic monodromy theorem due to Pierre Colmez is available, which does not need the theory of p-adic differential equations. We will prove Main Theorem by generalizing Colmez' method. In the following, we will explain our strategy after recalling Colmez' proof in the case that V is a 2-dimensional de Rham representation. (We can prove the higher dimensional case in a similar way.) After replacing K by the maximal unramified extension of K and taking Tate twist of V , we may also assume that we have D dR (V ) = (B + dR ⊗ Qp V )
GK and k K is separably closed. In this paragraph, assume that the residue field of K is perfect, i.e., k K is algebraically closed. We first fix notation: Let B (ii) There exist h ∈ N >0 and a 1-cocycle
such that we have g(e 1 , e 2 ) = (e 1 , e 2 )C g for all g ∈ G K .
The second key ingredient is an H , then it is a 1-coboundary in U ′ h,a . By using these facts, Colmez prove Main Theorem as follows. When h = 0, we may regard C as a p-adic representation of G K , which is Hodge-Tate of weights 0 by (i). By Sen's theorem on C p -representations, C has a finite image, which implies assertion. Therefore, we may assume h > 0. By the cocycle condition of C, χ i for i = 1, 2 is a character. By (i), χ i for i = 1, 2 is Hodge-Tate with weights 0 as a p-adic representation. By Sen's theorem again, there exists a finite extension L/K such that χ i (G L ) = 1 for i = 1, 2. By the cocycle condition of C again, c : G L → U h,a is a 1-cocycle, which is a 1-coboundary in B We will outline our proof of Main Theorem in the following: For simplicity, we omit some details. We first fix notation: In the imperfect residue field case, we can construct rings of p-adic periods B (ii) There exist h ∈ N >0 and a 1-cocycle
Unfortunately, an analogue of the above H 1 st = H 1 g -type theorem does not hold in the imperfect residue field case. Instead, we will use the following assertion: Let L/K be a finite extension. Denote by L pf a "perfection" of L, which is a complete discrete valuation field of mixed characteristic (0, p) with residue field k pf L . We may regard an absolute Galois group G L pf of L pf as a closed subgroup of G K . Then, our assertion is as follows (Lemma 6.6): If c ′ : G L → U h,a is a 1-cocycle, which is a 1-coboundary in B + dR , then there exists x ∈ (B + cris )
G L pf and y ∈ B ∇+ dR such that c g = (g − 1)(x + y) for all g ∈ G L . By using these facts, we prove Main Theorem as follows. In the case h = 0, the same proof as above is valid, hence we assume h > 0. By the cocycle condition of C, χ i for i = 1, 2 is a character, which is Hodge-Tate with weights 0 by (i). By a generalization of Sen's theorem, there exists a finite extension L/K such that χ i (G L ) = 1 for i = 1, 2. Then, by the cocycle condition of C, c : G L → U h,a is a 1-cocycle, which is a 1-coboundary in B 
Structure of paper
In § 1, we will recall the preliminary facts used in the paper. In § 2, we will generalize Sen's theorem on C p -admissible representations, which is a special case of Main Theorem and will be used in the following. The following two sections are devoted to review rings of p-adic periods in the imperfect residue field case. Although the most of the results seem to be well-known, we will give proofs for the convenience of the reader. In § 3, we will recall basic constructions and algebraic properties of rings of p-adic periods used in p-adic Hodge theory in the imperfect residue field case. In § 4, we will recall Galois-theoretic properties of rings of p-adic periods constructed in the previous section. In § 5, we will construct the (ϕ, G K )-modules N ∇+ rig (V ) for de Rham representations V after Tate twist. In § 6, we will prove Main Theorem combining the results proved in the previous sections. In § 7, we will give applications of Main Theorem.
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Convention
Throughout this paper, let p be a prime and K a complete discrete valuation field of mixed characteristic (0, p). Denote the integer ring of K by O K and a uniformizer of O K by π K . Put U (n) K := 1 + π n K O K for n ∈ N >0 . Denote by k K the residue field of K. We denote by K ur the p-adic completion of the maximal unramified extension of K. Denote by e K the absolute ramification index of K. For an extension L/K of complete discrete valuation fields, we define the relative ramification index e L/K of L/K by e L/K := e L /e K .
For a field F , fix an algebraic closure (resp. a separable closure) of F , denote it by F alg or F (resp. F sep ) and let G F be the absolute Galois group of F . For a field k of characteristic p, let k pf := k
be the perfect closure in a fixed algebraic closure of k. Let k
n be the maximal perfect subfield of k. Denote by C p and O Cp the p-adic completion of K and its integer ring. Let v p be the p-adic valuation of C p normalized by v p (p) = 1.
We fix a system of p-power roots of unity {ζ p n } n∈N>0 in K, i.e., ζ p is a primitive p-the root of unity and ζ
for n ∈ N >0 . For a set S, denote by |S| the cardinality of S. Let J K be an index set such that we have an isomorphism Ω
as k K -vector spaces. In this paper, we do not assume |J K | < ∞. Unless a particular mention is stated, we always fix a lift {t j } j∈JK of a p-basis of k K and its p-power roots {t
For a ring R, denote the Witt ring with coefficients in R by W (R). If R is characteristic p, then we denote the absolute Frobenius on R by ϕ : R → R and also denote the ring homomorphism W (ϕ) :
For a p-adically Hausdorff abelian group M of which p is a non-zero divisor, we define a p-adic semivaluation of M as the map v : M → Z ∪ {∞} such that v(0) = ∞ and v(x) = n if x ∈ p n M \ p n+1 M . Note that we have the following properties
which we call the p-adic semi-valuation defined by the lattice M . We also call the topology induced by v the p-adic topology defined by the lattice M .
Let F be a non-trivial non-archimedean complete valuation field with valuation v F . Assume that an F -vector space V is endowed with a countable decreasing sequence of valuations {v (n) : V → R∪{∞}} n∈N over F , i.e, we have
for λ ∈ F and x, y ∈ V . We regard V as a topological F -vector space, whose topology is generated by V (n) r := {x ∈ V |v (n) (x) ≥ r} for n, r ∈ N. Then, we call V a Fréchet space (over F ) if V is complete with respect to this topology (see [Schn02, § 8] ). For Fréchet sapces V and W , we define the completed tensor product V⊗ F W as the inverse limit lim
(see [Schn02, § 17] ). For a multiset {a i } i∈I of elements in R ∪ {∞}, we denote {a i } i∈I → ∞ if for all n ∈ N, there exists a finite subset I n of I such that a i ≥ n for all i ∈ I \ I n . Note that if |I| < ∞, then the condition {a i } i∈I → ∞ is always satisfied.
In this paper, we refer to the continuous group cohomology as the group cohomology. For a profinite group G and a topological G-module M , denote by H n (G, M ) the n-th continuous group cohomology with coefficients in M . We also denote
We denote by e i ∈ N ⊕I the element whose i-th component is equal to 1 and zero otherwise. We will use the following multi-index notation: Let M be a monoid. For a subset {x i } i∈I of M and n = (n i ) i∈I ∈ N ⊕I , we define x n := Π i∈I x ni i and x [n] := Π i∈I u ni i /n i ! when it has a meaning. We denote by |n| the sum i∈I n i for (n i ) i∈I ∈ N ⊕I . If no particular mention is stated, for an index set I, we denote by u I or v I formal variables {u i } i∈I or {v i } i∈I respectively.
For group homomorphisms f, g : M → N of abelian groups, we denote by M f =g the kernel of the map f − g : M → N .
Preliminaries
This preliminary section is a miscellany of basic definitions and facts, conventions, remarks used in the paper. Although we will give some proofs for convenience, the reader may skip the proofs by admitting the facts.
Cohen ring
Let k be a field of characteristic p. Let C(k) be a Cohen ring of k, i.e., a complete discrete valuation ring with maximal ideal generated by p and the residue field k. This is unique up to a canonical isomorphism if k is perfect (in fact, C(k) ∼ = W (k)) and unique up to non-canonical isomorphisms in general. Denote J C(k)[p −1 ] by J for a while. For a lift {t j } j∈J ⊂ C(k) of a p-basis of k, we regard C(k) as a Z[T j ] j∈J -algebra by T j → t j . This morphism is formallyétale for the p-adic topologies. In fact, we may replace
. Since C(k)/R is flat and k/F p (T j ) j∈J is formallyétale for the discrete topologies, C(k)/R is formallyétale by [EGA IV, 0.19.7.1 and 0.20.7.5].
By the lifting property, we have an injective algebra homomorphism C(k K ) → O K , which is totally ramified of degree e K . We will denote by K 0 the fractional field of the image of C(k) in K. By the lifting property again, we have a lift ϕ : O K0 → O K0 of the absolute Frobenius of k K : It is unique if k K is perfect and non-unique otherwise. An example of ϕ is ϕ(t j ) = t p j for all j ∈ J K0 . We also note that O K0 is unique if k K is perfect and non-unique otherwise. Moreover, in the case when k K is imperfect, the construction of K 0 cannot be functorial in the following sense: For a finite extension L/K, we cannot always
Finally, note that for a given lift
by the lifting property, whose image satisfies the condition. Thus, if we choose a lift {t j } j∈JK of a p-basis of k K , we may always assume that we have {t j } j∈JK ⊂ K 0 .
Canonical subfield
We first recall the following two lemmas, which are proved in [Epp73, 0.4]. We give proofs for the reader. Lemma 1.1. Let k be a field of characteristic p.
(i) The field k p ∞ is algebraically closed in k. In particular, the fields (k
Proof. (i) The assertion follows from the fact that any algebraic extension over a perfect field is perfect.
(ii) As is mentioned in the above proof, k ′ is perfect. By (i), we have kk
Lemma 1.2. Let l/k be an algebraic extension of fields of characteristic p.
Proof. (i) We may easily reduce to the case that l/k is finite Galois. Obviously any k-algebra endomorphism on l induces a k p n -algebra endomorphism on l p n . In particular, l p n and l
Since the Frobenius commutes with the action of G l/k , we have (l
taking an intersection, we have (l
be the monic irreducible separable polynomial such that f (x) = 0. Then all the solutions of f belongs to l
∞ is a Galois extension. The latter assertion follows from the equality (l
(ii) We may assume that l/k is purely inseparable or separable. If l/k is purely inseparable, then l is generated by finitely many elements of the form x p −n with n ∈ N and x ∈ k as a k-algebra. Hence we have l p n ⊂ k for some n, i.e., k
Assume that l/k is separable. The first assertion is reduced to the case that l/k is a Galois extension, which follows from (i). Since the canonical k-algebra homomorphism l The followings are the basic properties of the canonical subfields used in this paper.
Lemma 1.5. Let L/K be a finite extension.
(i) The fields (K can ) alg and K are linearly disjoint over K can .
(ii) If L/K is Galois, then L can /K can is also a finite Galois extension. Moreover, the canonical map
we have the rest of the assertion.
(iii) The finiteness of L can /K can is reduced to the case that L/K is Galois, which follows from (ii).
(iv) The assertion follows from the inequalities
where the second inequality follows from (iii) and the last equality follows from the linear disjointness of K and K ′ over K can by (i). Example 1.7 (Higher dimensional local fields case). We say that K has a structure of a higher dimensional local field if K is isomorphic to a finite extension over the fractional field of a Cohen ring of the field
with q = p f (see [Zhu00] about higher dimensional local fields). In this case, K can coincides with the algebraic closure of Q p in K. In fact, we have only to prove that k p ∞ K is a finite field. By Lemma 1.2 (ii), we may reduce to the case k K = F q ((X 1 )) · · · ((X d )). Then, the assertion follows from an iterative use of the following fact: If k is a field of characteristic p, then we have k((X))
We will prove the fact. Obviously, the RHS is contained in the LHS. Let f = n≫−∞ a n X n ∈ k((X)) p ∞ with a n ∈ k. Since we have f ∈ k((X)) p , we have a n = 0 if p ∤ n and a n ∈ k p otherwise. By repeating this argument, we have a n = 0 for n = 0 and f = a 0 ∈ k p ∞ .
Canonical derivation
Defintion 1.8 (cf. [Hyo86, § 4]). Let q ∈ N. For a complete discrete valuation ring R with mixed characteristic (0, p), letΩ For q ∈ Z <0 , we putΩ q R[p −1 ] := 0 as a matter of convention. The followings are the basic properties of the canonical derivations used in the following of the paper.
In particular,Ω
(ii) We have a canonical isomorphism 
induces the exact sequence
where
OL/OK = 0. Then, the kernel and cokernel of α n are killed by p c . Denote by Q n and Q n the kernel of the canonical maps
We consider the commutative diagram
We have only to prove that the kernel and cokernel of ∧ q α n are killed by p 3qc . Indeed, if this is true, then we decompose the canonical map α
By passing to limits, we obtain the following exact sequences
Since ker α q n and cok α are killed by p 3qc and p 6qc respectively. By inverting p, we obtain the assertion. Note that the kernel and cokernel of α ⊗q n are killed by p 2qc by the assertion that we have shown in the first paragraph of the proof. By snake lemma, it suffices to prove that the cokernel of the map α ⊗q n : Q n → Q n is killed by p qc . The O L -module Q n is generated by the elements of the form
and y i = y j . Hence we have
and y 1 ⊗ · · · ⊗ y q ∈ Q n , which implies the assertion.
q < ∞ for q ∈ N by Lemma 1.9. In particular, the canonical derivation d is K can -linear since the restriction d| Kcan factors throughΩ 1 Kcan = 0 by functoriality. Defintion 1.11. Fix a lift {t j } j∈JK ⊂ O K0 of a p-basis of k K . By using Lemma 1.9 (i), dx for x ∈ O K0 is uniquely written of the form j∈JK dt j ⊗ ∂ j (x), where we have {∂ j (x)} j∈JK ⊂ O K0 such that {v p (∂ j (x))} j∈JK → ∞. Note that {∂ j } j∈JK are mutually commutative derivations of O K0 by the formula d 1 • d = 0. We also note that ∂ j is continuous since we have the inequality v p (∂ j (x)) ≥ v p (x) for x ∈ O K0 , which we can check by taking modulo p.
The following is another characterization of the canonical subfields. 
Proof. We first reduce to the case K = K 0 . In the case that K satisfies Condition (H), we obtain the exact sequence by applying K can ⊗ Kcan,0 to the exact sequence for K = K 0 by Remark 1.4 (ii) and Lemma 1.9 (iii). In general case, we choose a finite Galois extension K ′ /K can such that KK ′ satisfies Condition (H) by Epp's theorem 1.6. Since we have K ′ ⊗ Kcan,0 K = KK ′ by Lemma 1.5 (i) and
K by Lemma 1.9 (iii), the assertion follows from Galois descent. We will prove the assertion in the case K = K 0 . We may replace K can , K andΩ 
The ring ϕ(O K ) is a complete discrete valuation ring of mixed characteristic (0, p) and we may regard its residue field as k
⊕JK . Since the image of {t n } n∈Λ in k K forms a k p K -basis of k K , by approximation, every element x ∈ O K is uniquely written in the form x = n∈Λ ϕ(a n )t n , where a n ∈ O K such that {v p (a n )} n∈Λ → ∞. We will claim that for ϕ n (x) ∈ ker d with n ∈ N and x ∈ O K , we have x ∈ ϕ(O K ). Since the Frobenius ϕ * onΩ 1 OK is injective by Lemma 1.9 (i) and the commutativity
we may assume n = 0. By definition, we have ∂ j (x) = 0 for all j ∈ J K . By a simple calculation, we have
Hence, we have a n = −n −1 j pt j ∂ j (a n ) if n j = 0. Therefore, for n ∈ Λ \ {0}, we have v p (a n ) ≥ v p (a n ) + 1 by taking v p , i.e., a n = 0, which implies the claim. By using the claim, if we have x ∈ ker d, then we have x ∈ ∩ n∈N ϕ n (O K ). Since the complete discrete valuation ring ∩ n∈N ϕ n (O K ) is absolutely unramified with residue field k
is an equality by approximation, which implies the assertion.
A spectral sequence of continuous group cohomology
The following lemma is a basic fact when we calculate a continuous Galois cohomology, whose coefficient is an inverse limit of p-adic Banach spaces with surjective transition maps. For example, we need it later when we calculate cohomology of B + dR -modules. Lemma 1.13 (cf. [NSW08, Theorem 2.7.5]). Let G be a profinite group and {M n } n∈N be an inverse system of continuous G-modules (each M n may not be discrete) such that the transition map M n+1 → M n admits a continuous section as a topological space for all n ∈ N. Let M ∞ := lim ← − M n be a continuous G-module with the inverse limit topology. Then, we have a canonical exact sequence
• is the derived functor of lim ← − in the category of inverse systems of abelian groups with directed set N. 
Hyodo's calculations of Galois cohomology
We will recall Hyodo's calculations of Galois cohomology. For n ∈ Z, denote by Z p (n) the n-th Tate twist of
Theorem 1.14 ([Hyo86, Theorem 1]). For n ∈ N and q ∈ Z, we have canonical isomorphisms
We will generalize the following theorem as an application of Main Theorem in § 7. 
(ii) ([Hyo87, Theorem (0-2)]) If k K is separably closed, then we have the canonical isomorphism
for n ∈ Z =1 .
Closed subgroups of G K
Let L be an algebraic extension of K in C p . LetL alg be the algebraic closure ofL in C p . Let M be a finite extension ofL and choose a polynomial
be a polynomial such that the p-adic valuation of the coefficients of f − f 0 is large enough. Then, we have M ∼ =L[X]/(f0(X)) by Krasner's lemma. In particular, the algebraic extension (M ∩ L alg )/L is dense in M . Hence, we have a canonical morphism of profinite groups G L → GL, which is an isomorphism with inverse GL → G L ; g → g| L alg . In the following of the paper, we will identify G L with GL and we also regard GL as a closed subgroup of G K .
Perfection
For a subset J of J K , we denote the p-adic completion of the field ∪ n∈N K({t
is a complete discrete valuation field of mixed characteristic (0, p) with e KJ /K = 1 and its residue field is
Since we may assume that {t j } j∈JK is contained in K 0 ( § § 1.1), we may regard (K 0 ) J as (K J ) 0 , which is denoted by K J,0 for simplicity.
Let P(J K ) be the subsets of
We regard P(J K ) as an inverse system with respect to the reverse inclusion. Then, we have
i.e., K is represented by an inverse limit of complete discrete valuation fields, whose residue fields admit a finite p-basis. In fact, if we put J K an well-order by the axiom of choice, then for J ∈ P(J K ), the subset
of K J forms a basis of K J as a K-Banach space. If J 1 ⊂ J 2 are in P(J K ), then we have E J1 ⊂ E J2 and the assertion follows from the fact {1} = ∩ J∈P(JK ) E J .
G-regular ring
We will recall basic facts about G-regular rings. See [Fon94b, § 1] for detail. Let E be a topological field and G a topological group. A finite dimensional E-vector space V is an E-representation of G if V has a continuous E-linear action of G. We denote the category of Erepresentations of G by Rep E G. We call B an (E, G)-ring if B is a commutative E-algebra and G acts on B as E-algebra automorphisms. Let B be an (E, G)-ring.
and we will call the following canonical homomorphism the comparison map:
We say that an (E, G)-ring B is G-regular if the followings are satisfied:
Here, a G-stable E-line in B means one-dimensional G-stable E-vector space in B. The condition (G·R 3 ) implies that B G is a field. We say that V ∈ Rep E G is B-admissible if α B (V ) is an isomorphism. We denote the category of B-admissible E-representations of G by Rep B/E G, which is a Tannakian full subcategory of Rep E G ([Fon94b, Proposition 1.5.2]).
Notation. We will call an object of Rep
We recall the basic facts about G-regular rings used in the following of the paper. Lemma 1.16. Let B be a field and G a group, which acts on B as ring automorphisms. Let M be a finite dimensional B-vector space with semi-linear G-action. Then, the canonical map
Proof. Suppose that the assertion does not hold. Let n ∈ N be the minimum integer such that there exists n elements v 1 , . . . , v n ∈ M G , which is linearly independent over B G but not over B. Let 1≤i≤n λ i v i = 0 be a non-trivial relation with λ i ∈ B. Since B is a field, we may assume that λ 1 = 1. Then, we have
Hence, we have λ i ∈ B G by assumption, which is a contradiction.
Example 1.17 ([Fon94b, Proposition 1.6.1]). All (E, G)-rings, which are fields, are G-regular. In fact, we have only to verify (G · R 2 ), which follows by applying the above lemma to M := B ⊗ E V .
Moreover, the equality holds if and only if V is Badmissible.
is an isomorphism. 
A generalization of Sen's theorem
The aim of this section is to prove the following generalization of Sen's theorem on C p -representations. (ii) V is C p -admissible;
Lemma 2.2. Let E be a field of characteristic 0 and ρ :
morphism with n, r ∈ N >0 and (n i ) i∈I ∈ N I , where the action of U Qp , then the image of ρ is finite.
Proof. By shrinking U (n)
Qp , we may assume that ker ρ contains U (n)
Qp . Also, we may assume that E is algebraically closed. Let
Qp ⋉ Π i∈I p n+ni Z p as a normal subgroup. By taking the quotient of U by this subgroup, ρ factors through a group homomorphismρ : (Z/p n Z) I → GL r (E). To prove the assertion, it suffices to prove that for any finite subset S of Imρ, we have |S| ≤ p nr . For g ∈ Imρ, g is conjugate to a diagonal matrix, whose diagonal entries are in µ p n (E) since the order of g divides p n . Since the elements of S are mutually commutative, S is simultaneously diagonalizable. Hence, up to conjugate, S is contained in the set {diag(a 1 , . . . , a r )|a i ∈ µ p n (E)}, whose order is p nr .
Proof of Theorem 2.1. The implication (i) ⇒ (ii) follows from Hilbert 90 and (ii) ⇒ (iii) follows from Remark 1.21. We will prove (iii)
By replacing K by a finite extension of K ur , we may assume that k K is separably closed and K satisfies Condition (H). In this case, the assertion to prove is that G K acts on V via a finite quotient. Since the residue field k
by Sen's theorem, where
Hence, there exists a finite extension L/K such that G LK geo acts on V trivially. In particular, if we put
In the following, we regard V as a p-adic representation of G LK∞/L . Take a basis of V and let
be the corresponding matrix presentation of V with r := dim Qp V . We have only to prove that the image of ρ ′ is finite. 
Qp . Therefore, the group homomorphism ρ := ρ ′ | U : U → GL r (Q p ) satisfies the assumption of Lemma 2.2, hence, the image of ρ is finite. Since U is open in G LK∞/L , we obtain the assertion.
Basic construction of rings of p-adic periods
Throughout this section, let K be a closed subfield of C p , whose value group v p (K × ) is discrete. We will recall the construction of rings of p-adic periods Fontaine [Fon94a] , which is functorial with respect to C p and K. We also recall abstract algebraic properties of these rings as in [Bri06] . Although we do not assume K = K, standard techniques of proofs in the case K = K, which are developed in [Fon94a, Bri06] , can be applied to our situation.
Universal pro-infinitesimal thickenings
Obviously, p-adically formal O K -thickenings of O Cp form a category.
The category of p-adically formal pro-infinitesimal O Kthickenings of O Cp admits a universal object, i.e., an initial object.
Such an object is unique up to a canonical isomorphism and we denote it by (A inf,Cp/K , θ Cp/K ). Note that A inf,Cp/K is functorial with respect to C p and K. We recall the construction. Let R Cp := lim ← −x →x p O Cp /pO Cp be the perfection of the ring O Cp /pO Cp . We have the canonical isomorphism
where the addition and the multiplication of the LHS are given by
n be a surjective algebra homomorphism. Let
with respect to the (p, ker θ Cp/K )-adic topology. We will give an explicit description of A inf,Cp/K in the following: Note that the description, together with an isomorphism W (R Cp ) ∼ = A inf,Cp/Qp (Remark 3.5), immediately implies that A inf,Cp/K is an integral domain (at least) when we have K = K 0 .
We define t j := (t j , t
Lemma 3.3. If we assume K = K 0 , then ι inf,Cp/K is an isomorphism. In particular, we have
for x = n∈N ⊕J K a n u n with a n ∈ A inf,Cp/Qp .
By this structure map, we may regard A as a pro-infinitesimal O K -thickening of O Cp . By universality, we have only to prove that ι inf,Cp/K is an O K -algebra homomorphism. Let α : O K → A inf,Cp/K be the composition of the structure map O K → A and ι inf,Cp/K . Since ι inf,Cp/K commutes with the projections ϑ and θ Cp/K , we have the commutative diagram
where the horizontal structure map is given by T j → t j . By this diagram and the lifting property, α coincides with the structure map
Hausdorff complete, α coincides with the structure map O K → A inf,Cp/K , which implies the assertion.
For general K, we have the following:
(iii) Let L be a finite extension of the p-adic completion of an unramified extension of K. Then, the canonical map
Proof. (i) The assertion is equivalent to say that the category of p-adically
Then, we have only to prove that there exists a unique
is an isomorphism. By using this fact and (i), we may replace K, L by K ur , L ur respectively. In particular, we may consider the case that k K is separably closed, where the condition [k L : k K ] sep = 1 is always satisfied. By faithfully flat descent, the assertion is reduced to the case that L/K is Galois. Since L/K is a solvable extension by the solvability of the inertia subgroup [FV02, Exercise 2, § 2, Chapter II], we may assume that L/K has a prime degree.
By universality, we have only to prove that the LHS is a p-adically formal O L -pro-infinitesimal thickening of O Cp . Hence, it suffices to verify that O L ⊗ OK A inf,Cp/K is (p, I)-adically Hausdorff complete, where I denotes the kernel of the canonical map 1
, we have only to prove that the topologies of O L ⊗ OK A inf,Cp/K defined by the ideals (p, I) and (p, I ′ ) are equivalent, where
We have only to prove that we have
In the following, for x ∈ O Cp , we denote by x any element x ∈ R Cp such that
′ ). Hence, we have only to prove an existence of a cyclic base x ∈ O L satisfying (
′ , which implies the assertion.
(iii) We denote the map by i and we will construct the inverse. By replacing K and L by K ur and
. By a similar argument as in the proof of (i), we have a unique
is an L-algebra homomorphism, which follows from the uniqueness of j. 
B dR and B HT
We define
. We denote the projection
Hausdorff complete local ring with maximal ideal ker θ Cp/K . Moreover, B dR,Cp/K is an integral domain. In fact, by the following explicit description of B dR,Cp/K , it reduces to the fact that B dR,Cp/Qp is a field (Remark 3.6 (ii) below).
We define the canonical topology on B + dR,Cp/K as follows. We regard
a p-adic Banach space, whose lattice is given by the image of A inf,Cp/K . Then, we endow B + dR,Cp/K with the inverse limit topology, which is a Fréchet complete K-algebra. We also endow B dR,Cp/K with a limit of Fréchet (LF) topology by regarding B dR,Cp/K as the direct limit of B + dR,Cp/K with respect to the multiplication by
Obviously, the semi-valuations {v (n) dR,Cp/K } n∈N are decreasing. We will give an explicit description of B + dR,Cp/K . Let
is an isomorphism. In fact, by Remark 3.6 (ii) below, we may reduce to the case K = K 0 . In this case, the assertion follows from the explicit description of A inf,Cp/K . Let Fil n B + dR,Cp/K be the closed ideal of B + dR,Cp/K generated by the ideal (ker θ Cp/K ) n for n ∈ N.
We endow B dR,Cp/K with the decreasing filtration defined by Fil n B dR,Cp/K := i+j=n t i Fil j B + dR,Cp/K . Denote the graded C p -algebra associated to the filtration by B HT,Cp/K . We also denote by v j the image of u j /t in B HT,Cp/K,0 for j ∈ J K . Since the filtration is compatible with the multiplication by t, i.e.,
For n ∈ N, let
We have the C p -algebra homomorphisms
which is an isomorphism. In fact, the assertion reduces to the case K = K 0 by Remark 3.6 (ii) below. Then, the assertion follows from the above explicit description of B + dR,Cp/K and the formula of the semivaluation v (n) dR,Cp/K (Remark 3.6 (iii) below). By this description, B HT,Cp/K is an integral domain.
Remark 3.6. (i) (The perfect residue field case) Assume that k K is perfect. Then, we have a canonical isomorphism B ♣,Cp/Qp → B ♣,Cp/K for ♣ ∈ {dR, HT}. Moreover, B dR,Cp/Qp is a complete discrete valuation field of equal characteristic 0 with valuation ring B + dR,Cp/Qp , t is a uniformizer and the residue field is C p . We also have an isomorphism B HT,Cp/Qp ∼ = ⊕ n∈Z C p t n . In fact, the first assertion follows from Remark 3.5 and the latter assertion reduces to the perfect residue field case by regarding
(ii) (Invariance) The above structures on B + dR,Cp/K (ring structure, filtration, topology) are invariant under a finite extension and an unramified extension. As a consequence, we may regard B + dR,Cp/K as a K alg -algebra and a similar invariance for B HT,Cp/K as a graded C p -algebra also holds. As for a filtered ring, the invariance follows from Lemma 3.4 (iii). To prove the rest of the assertion, we have only to prove that for an unramified extension or a finite extension L/K, the p-adic semivaluations v (iii) Assume K = K 0 . Then, we have the formula
where we have x = n∈N ⊕J K a n u n ∈ B + dR,Cp/K with a n ∈ B + dR,Cp/Qp . In fact, the assertion follows from the explicit description of A inf,Cp/K .
Connections on B dR and B HT
We denote byΩ → B HT,Cp/K ).
We endow the first two rings with induced filtrations and the last one with an induced graded structure. Note that these rings are invariant under a finite extension and an unramified extension of K and that B We also have an analogue of Poincaré lemma.
Lemma 3.9. The complex
Proof. By the invariance of the above complex under a finite extension, we may assume
dR,Cp/K is written uniquely in the form x = n∈N ⊕J K a n u [n] with a n ∈ B + dR,Cp/Qp such that {v (r) dR,Cp/Qp (a n )} |n|=n → ∞ for all r, n ∈ N. Moreover, we have an inequality
by Remark 3.6 (iii). We have only to prove that for ω ∈ ker ∇ 1 , there exists
dR,Cp/K (λ j )} j∈JK → ∞ for all r ∈ N. The assumption ω ∈ ker ∇ 1 implies that we have ∂ j ′ (λ j ) = ∂ j (λ j ′ ) for j, j ′ ∈ J K . By the same way as above, we can define an expansion of the form λ j = n∈N ⊕J K λ j,n u
[n] , where λ j,n ∈ B + dR,Cp/Qp satisfies a similar condition as above. By a simple calculation, we have the relation λ j,n+e j ′ = λ j ′ ,n+ej for n ∈ N ⊕JK and j, j ′ ∈ J K . We will define a sequence {a n } n∈N ⊕J K in B + dR,Cp/Qp as follows: Let a 0 = 0. For n = 0, choose any j ∈ J K such that n j = 0 and define a n := λ j,n−ej . By the above relation, this is independent of the choice of j. To prove the assertion, it suffices to prove that we have {v (r) dR,Cp/Qp (a n )} |n|=n → ∞ for all r, n ∈ N. In fact, if this is proved, we see that the element x := n∈N ⊕J K a n u
[n] belongs to B + dR,Cp/K and we have ∇(x) = ω by a simple calculation. We have only to prove that, for fixed r, n, N ∈ N, we have v (r) dR,Cp/Qp (a n ) ≥ N for all but finitely many n ∈ N ⊕JK such that |n| = n. We may assume r ≥ n. Choose a finite subset
where the first inequality follows from the inequality (1). This implies the assertion since our exceptional set {n ∈ N J ||n| = n} is finite.
Universal PD-thickenings
• D is a p-adically Hausdorff complete O K -algebra,
• γ D is a PD-structure on ker θ D , compatible with the canonical PD-structure on the ideal (p).
Obviously, p-adically formal O K -thickenings of O Cp form a category. Such an object is unique up to a canonical isomorphism and we denote it by (A cris,Cp/K , θ Cp/K , γ). We will recall the construction. (ii) By a similar proof as Lemma 3.4 (i), the canonical map
is an isomorphism. In general, we have no invariance for A cris,Cp/K as Remark 3.6 (ii) even after inverting p.
If K = K 0 and k K is perfect, then we have an explicit description of A cris,Cp/K :
where ω denotes a generator of ker (θ Cp/K : A inf,Cp/K → O Cp ). Note that the sequence {a n } n∈N can not be uniquely determined. Moreover, we have t ∈ A cris,Cp/K and A cris,Cp/K is an integral domain of characteristic 0, whose PD-structure is given by γ n (x) = x [n] = x n /n! for x ∈ ker θ Cp/K . In fact, the assertions are reduced to the case K = K pf 0 by Remark 3.5 and Remark 3.12 (i), and the assertion in this case follows from [Fon94a, 2.3.3].
We define B j for n ∈ N and j ∈ J K . We also have
We regard A cris,Cp/K as an A cris,Cp/Qp -algebra by functoriality. Then, by the universal property of PDpolynomial algebras, we have the A cris,Cp/Qp -algebra homomorphism
Lemma 3.13. If we have K = K 0 , then ι cris,Cp/K is an isomorphism. Moreover, we have
cris,Cp/K with a n ∈ B + cris,Cp/Qp .
We use the following lemma in the proof:
Lemma 3.14. In the following of the lemma, Hom A for a ring A denotes the Hom set of A-algebras. We also assume that K = K 0 and we use the notation in § 1.1.
(i) If R is a p-adically Hausdorff complete Z[T j ] j∈JK -algebra, then the canonical map
is bijective, where the
Moreover, the restriction map
(ii) Let ϑ : S → R be a surjective homomorphism of p-adically Hausdorff complete Z[T j ] j∈JK -algebras, whose kernel admits a PD-structure, compatible with the canonical PD-structure on the ideal (p). Then, the canonical map
Proof. (i) The first assertion follows from the p-adic formalétaleness of O K /Z[T j ] j∈JK . The latter assertion follows by using the isomorphism of k
(ii) We denote by ϑ 1 : S/(p) → R/(p) the ring homomorphism induced by ϑ. By the first assertion of (i), we have only to prove that the canonical map
which is denoted by ϑ * again, is bijective.
We first note the following: We regard R/(p) as a quotient of S/(p) by ϑ 1 . Let x ∈ R/(p) and let x 1 ,x 2 ∈ S/(p) be lifts of x. Then, we havex 1 −x 2 ∈ ker ϑ 1 . Since we have a p = p!γ p (a) ∈ pS for a ∈ ker ϑ, where γ denotes a PD-structure on ker ϑ, we havex p 1 =x p 2 . In particular, if we denote byx ∈ S/(p) a lift of x ∈ R/(p), thenx p depends only on x.
We prove the injectivity. Letf :
, i.e., f = f ′ by the latter assertion of (i).
We prove the surjectivity. Letf :
, where we endow k p K and S/(p) with F p [T p j ] j∈JK -algebra structures by a similar way as in the statement of (i). In fact, we can uniquely extend f to a Z[T j ] j∈JK -algebra homomorphism f : k K → S/(p) by the latter assertion of (i). Moreover, (
, which implies ϑ * (f ) =f by the latter assertion of (i) again. The set-theoretic map j ) = 0. We first prove that A has an O K -algebra structure such that ϑ is an O K -algebra homomorphism.
Denote by ω a generator of the kernel of θ Cp/Qp : A cris,Cp/Qp → O Cp . Then, the PD-structure on the ideal ker θ Cp/Qp of A cris,Cp/Qp canonically extends to a PD-structure δ 1 on the ideal (ω) of A, compatible with the canonical PD-structure on the ideal (p). By construction, the kernel of the map ξ : A → A cris,Cp/Qp ; u
[n] → 0 is endowed with a PD-structure δ 2 , compatible with the canonical PDstructure on the ideal (p). Since A is an integral domain of characteristic 0, δ 1 and δ 2 induce the same PD-structure on (ω) ∩ ker ξ. Hence, by [BO78, Proposition 3.12], the ideal ker ϑ = (ω) + ker ξ admits a PD-structure, compatible with the canonical PD-structure on the ideal (p). Then, the assertion follows by applying Lemma 3.14 (ii) to ϑ:
where the horizontal structure map is given by
By the above O K -structure, we may regard A as a p-adically formal O K -PD-thickening of O Cp . By universality, we have only to prove that ι cris,Cp/K is an O K -algebra homomorphism. Let α : O K → A cris,Cp/K be the composition of the structure map O K → A and ι cris,Cp/K . Since ι cris,Cp/K commutes with the projections ϑ and θ Cp/K , we have the commutative diagram
where the horizontal structure map is given by T j → t j . By Lemma 3.14 (ii), α coincides with the structure map O K → A cris,Cp/K , which implies the assertion.
Finally, we remark that if we have K = K 0 , then B cris,Cp/K and B st,Cp/K are integral domains by the above explicit description of A cris,Cp/K .
Connections and Frobenius on B cris and B st
In this section, assume K = K 0 . We endow B + cris,Cp/K with the p-adic topology defined by the lattice A cris,Cp/K . We regard B cris,Cp/K as the direct limit of B Let ϕ : O K → O K be a lift of the absolute Frobenius on k K . Then, the ring homomorphism
induces a ring homomorphism on A cris,Cp/K . Although the resulting map depends on the choice of a Frobenius lift of O K in general, we denote it by ϕ again. By defining ϕ(x) := px, we also have a Frobenius on B st,Cp/K . By construction, the connection and the Frobenius on B cris,Cp/K commute and we have the relation N • ϕ = pϕ • N by a simple calculation. 
Compatibility with limit
When a p-basis of k K is not finite, some technical difficulties occurs. In this case, we will reduce a problem to the finite p-basis case by using the results in § § 1.7 and the following inverse limits.
Let the notation be as in § § 1.7. By functoriality, we have canonical maps
where ♠ ∈ {cris, st}, ♣ ∈ {dR, HT}. Since these morphisms are compatible with the above explicit descriptions of these rings, it is easy to see that these maps are injective.
Embeddings of B cris and B
Cp/K with the unique PD-structure. This is compatible with the canonical PD-structure of the ideal (p). Hence, the canonical map
Cp/K . If we endow the LHS and the RHS with the p-adic topology and the p-adic Banach space topology respectively (see § § 3.2), then the above morphism is continuous. In fact, the canonical map times n! factors through the image of A inf,Cp/K . By passing to limit, the map extends to A cris,Cp/K → B Proposition 3.16. Assume that the algebraic closure of K in C p is dense in C p . Then, the canonical maps
Proof. By identifying C p with the p-adic completion of K alg , we may assume K = K. Note that if k K is perfect, then this is due to [Fon94a, 4.2.4]. We consider the general case. We first prove that the first two cases. We have only to prove the semi-stable case. The canonical map 
where the vertical arrows are induced by base changes and the injectivity of the bottom second arrow follows from the perfect residue field case. Then, the assertion follows from the above diagram. We consider the latter two cases. By passing to limit ( § § 3.6), we may assume
Then, the cristalline case follows from [Bri06, Proposition 2.47], where B cris,Cp/K0 is denoted by B cris . We will prove the semi-stable case. By regarding K ⊗ K0 B cris,Cp/K0 as a subring of Frac(B dR,Cp/K ), the assertion is equivalent to say that x is transcendental over Frac(B cris,Cp/K0 ). Suppose that it is not the case. To deduce a contradiction, we have only to construct a non-zero polynomial in B cris,Cp/K pf 0
[X] which has x as a zero.
By assumption, we have a non-zero polynomial f (X) = i a i X i ∈ B 
by simple calculations. Hence, we obtain a desired polynomialf (m) (X) by choosing m ∈ N ⊕JK such that we have a i,m = 0 for some i.
Basic properties of rings of p-adic periods
We will apply the construction of the previous section to the cases K = Q p , K, K pf , . . . . Then, the resulting rings of p-adic periods have an appropriate Galois action by the functoriality of the construction: For example, G K acts on B dR,Cp/Qp and B dR,Cp/K , G K pf acts on B dR,Cp/K pf . In this section, we will review Galois theoretic properties of such rings. The proofs of the properties are somewhat technical and the reader may skip this section by admitting the results including the G K -regularities just below. We keep the notation in the previous section.
Calculations of H 0 and verification of G K -regularities
In this subsection, we will prove the G K -regularities of the (Q p , G K )-rings
HT,Cp/K , which are used in the following of the paper, and calculate its H 0 . Note that these rings are integral domains by the explicit descriptions of these rings.
Lemma 4.1. Let ♣ ∈ {dR, HT}.
Proof. The assertion (iii) follows from (i), (ii) and Lemma 1.20. We will prove (i) and (ii) separately in the Hodge-Tate case and the de Rham case.
(a) The Hodge-Tate case: We first verify (i). By Theorem 1.14, we have only to prove that if we have non-zero x, y ∈ B HT,Cp/K such that g(x)y = xg(y) for all g ∈ G K , then we have x/y ∈ C p . Recall the notation in § § 1.7. In the following, let J ∈ P(J K ) and denote by x J , y J the image of x, y in B HT,Cp/KJ . If x J and y J are non-zero, then we have g(x J ) = c g x J and g(y J ) = c g y J for c g ∈ (B HT,Cp/KJ ) × ∼ = ∪ n∈Z C 
, where ∂ j = t∂/∂v j and ∂ n := Π j ∂ nj j (Remark 3.8). Write ∂ n (x) = n∈Z a n t n with a n ∈ C p . Then, we have g(∂ n (x J )) = c g ∂ n (x J ) by the commutativity of ∂ j and the G K -action. Since c g is homogeneous with respect to t, we have c g ∈ C p by comparing the degree. By comparing the leading terms, we have c g = g(a n )/a n χ n (g) for all g ∈ G KJ , where n is the degree of ∂ n (x) with respect to t. Hence, we have x J /a n t n ∈ (B HT,Cp/KJ ) GK J . Note that we have (B HT,Cp/KJ ) GK J = K J . In fact, it follows from the facts that we 
By the same argument, we have y J ∈ C × p t m for some m ∈ Z. We will prove n = m.
) is non-zero if and only if n = m by Theorem 1.14, we must have n = m. In particular, we have x J /y J = a/b ∈ C p . Since the set S x,y := {J ∈ P(J K )|x J = 0 and y J = 0} is a cofinal subset of P(J K ) by the explicit description of B HT,Cp/K , the assertion follows from the injection in § § 3.6.
We will verify (ii). Let x ∈ B HT,Cp/K be a generator of a G K -stable Q p -line in B HT,Cp/K . Write g(x) = c g x with c g ∈ Q × p . We use the same notation as above. By a similar argument as above, if x J = 0, then we have x J = a J t nJ for a J ∈ C × p and n J ∈ N. Moreover, a J and n J are unique. In particular, {a J } and {n J } are constant on the cofinal subset S x,x of P(J K ) and we have x ∈ C × p t n ⊂ (B HT,Cp/K ) × by the injection in § § 1.7.
(b) The de Rham case: To prove the assertion (i), we have only to prove that if we have non-zero x, y ∈ B dR,Cp/K such that g(x)y = xg(y) for all g ∈ G K , then we have x/y ∈ K. Let J ∈ P(J K ) and denote by x J , y J ∈ B dR,Cp/KJ the image of x, y. If x J = 0 and y J = 0, then we have
, where Frac(B dR,Cp/KJ ) is denoted by C dR . Since the set {J ∈ P(J K )|x J = 0 and y J = 0} is a cofinal subset of P(J K ) by the explicit description of B + dR,Cp/K , we have x/y ∈ ∩ J∈P(JK ) K J = K by the injection in § § 1.7. We will verify (ii). By Remark 3.5 (i), we may assume K = K ur . Let V be a G K -stable Q p -line in B dR,Cp/K generated by x. By Lemma 4.2 below and Theorem 2.1, there exist n ∈ Z and a finite extension
Proof. We may assume K = K ur by Hilbert 90 and Remark 3.6 (ii). Let x ∈ B dR,Cp/K be a generator of V . By multiplying a power of t, we may assume x ∈ B + dR,Cp/K . Let ρ : G K → Q × p be the character defined by ρ(g) = g(x)/x. By the explicit description of B + dR,Cp/K ( § § 3.2), we have x = n∈N ⊕J K a n u n with a n ∈ B + dR,Cp/Qp . Choose n ∈ N ⊕JK such that a n = 0 and write a n = t n λ with n ∈ N and λ ∈ (B + dR,Cp/Qp ) × . Since we have g(a n ) = ρ(g)a n for g ∈ G K pf , we have (ρχ −n )(g) = g(λ)/λ for g ∈ G K pf .
By taking the Q p -linear map θ Cp/Qp , we have (ρχ −n )(g) = g(θ Cp/Qp (λ))/θ Cp/Qp (λ) for g ∈ G K pf , i.e., ρχ −n | K pf is C p -admissible. Hence, ρχ −n is C p -admissible by Theorem 2.1.
Corollary 4.3. We have We will prove the rest of the assertion. Since we have K can,0 = (K 0 ) can by comparing the residue fields, the assertions in the horizontal cases follow from those in without ∇ case by taking horizontal sections. The de Rham case follows from Lemma 4.1 (i) and the cristalline and semi-stable cases follow from de Rham case and Proposition 3.16.
Lemma 4.4. The (Q p , G K )-ring B ♠,Cp/K0 satisfies (G · R 3 ) for ♠ ∈ {cris, st}. In particular, B ♠,Cp/K0 is G K -regular.
Proof. Note that the last assertion is obtained by applying Lemma 1.19, whose assumptions are satisfied by Proposition 3.16, Lemma 4.1 (iii) and Corollary 4.3. By Remark 3.12 (iii), we may assume K = K ur . Let V be a G K -stable Q p -line in B ♠,Cp/K0 with generator x. By Lemma 4.2, there exists n ∈ Z such that V t n is C p -admissible as a p-adic representation of G K . By Theorem 2.1, the image of the map ρ :
Proof. The G K -regularity of the field B Notation. (i) For ♠ ∈ {cris, st}, we define the category of ♠-representations (resp. horizontal ♠-
) the corresponding functor D B and we also denote by α ♠,Cp/K0 (resp. α (ii) For ♣ ∈ {dR, HT}, we also define the category of ♣-representations (resp. horizontal ♣-representations) by Corollary 4.3. Hence, the assertion in the cristalline case follows from Hilbert 90 and the same proof works also in the semi-stable case. We can also prove that V is de Rham or Hodge-Tate if and only if so is V | L for a finite extension L over the completion of an unramified extension of K. In fact, we reduces to the cases when L/K is finite or unramified and in these cases the claim follows from Remark 3.6 (ii) and Hilbert 90.
Algebraic structures of rings of p-adic period, which are compatible with the action of G K , induce additional structures on the corresponding D. We do not review these structures here since we do not need all of them to prove Main Theorem. For the reader interested in these structures, see [Bri06, 3.5] for example. We need only the connection on D dR for the proof of Main Theorem: The finite K-vector
, which is compatible with the canonical derivation on K.
Restriction to perfection
If we have V ∈ Rep • G K with • ∈ {cris, st, dR, HT}, then we have V | K pf ∈ Rep • G K pf . Moreover, we have canonical isomorphisms
which is induced by the canonical map B ♠,Cp/K0 → B ♠,Cp/K pf 0
and B ♣,Cp/K → B ♣,Cp/K pf for ♠ ∈ {cris, st} and ♣ ∈ {dR, HT}. We first prove the de Rham case. By applying
The other cases follows similarly. We first recall Colmez' Dieudonné-Manin theorem, which is a key ingredient of the construction. Let M be a finite free r . Let
Then, M rig is a finite free B ∇+ rig,Cp/K0 -module of rank r with semi-linear ϕ-action and there exists a basis e 1 , . . . , e r of M rig over B ∇+ rig,Cp/K0 satisfying the followings:
(ii) e 1 , . . . , e r is a basis of M over B ∇+ dR,Cp/K .
Remark 5.2. Though our condition (ii) is weaker than that in [Col08], the conclusions of the theorem are the same by the following reason: By definition, ϕ acts on M rig . Since ϕ h is an automorphism on M rig by (i), ϕ is also an automorphism on M rig . Hence, (ii) implies that ϕ n (e 1 ), . . . , ϕ n (e r ) is a B ∇+ rig,Cp/K0 -basis of M rig for all n ∈ Z. In particular, ϕ n (e 1 ), . . . , ϕ n (e r ) is a B ∇+ dR,Cp/K -basis of M .
In the rest of this section, let V be a de Rham representation of G K of dimension r such that
GK . Note that the last assumption is satisfied for any de Rham representation
It is a finite free B + dR,Cp/K -module of rank r with G K -action and ∇-action which are mutually commutative. By the comparison isomorphism α dR,Cp/K , we have a canonical isomorphism N
By taking the horizontal sections, we see that 
is an isomorphism. In particular,
Proof. Since V | K pf is de Rham and we have the canonical isomorphism B dR,Cp/Qp → B dR,Cp/K pf , we have the comparison isomorphism
By taking the base change of this isomorphism by B dR,Cp/Qp → B dR,Cp/K , we obtain a canonical isomor-
We also have the comparison isomorphism
Note that we have (B
We have only to prove that there exists an isomorphism of
which is compatible with the injections α dR,Cp/K (V ) and α. In fact, by taking the horizontal sections of both sides, we have N
We have
where the equality follows by taking G K pf -invariant of (2). Note that we have (B
we write x ∈ LHS as x = t −n n∈N ⊕J K a n u n with a n ∈ B + dR,Cp/Qp , since {u j } j∈JK are invariant by the action of G K pf , we have b n := a n /t n ∈ (B dR,Cp/Qp )
Hence we have a canonical map
This induces a canonical homomorphism of B + dR,Cp/K -modules
which is compatible with the injections α dR,Cp/K (V ) and α by construction. We have only to prove the surjectivity of i. By Nakayama's lemma, we have only to prove the assertion after applying
dR,Cp/K pf is a surjective homomorphism of local rings). We have the commutative diagram
where the left lower arrow is induced by the
Denote the composition of the left vertical arrows by i ′ . Since the canonical map B dR,Cp/K → B dR,Cp/K pf is G K pf -equivariant, by the diagram, the restriction of i ′ to D dR (V ) coincides with the canonical map
, which is an isomorphism after tensoring K pf (see § § 4.2). Therefore, i ′ is an isomorphism and we obtain the assertion.
Proof of Main Theorem
We will restate our main theorem in the point of view of Remark 4.7 (iii):
In this section, we give a proof of Main Theorem in this form. Before the proof, we prepare technical lemmas used in the proof. The reader may go to the proof of Main Theorem and back to the lemmas if necessary.
We first recall a slightly modified version of [Col08, Proposition 0.6]. In the following of this section, denote the unramified extension of Q p of degree h ∈ N >0 by Q p h .
rig,Cp/K0 of rank r ∈ N >0 with basis e 1 , . . . , e r . Assume that there exists an isomorphism of
that e 1 , . . . , e r satisfies the following conditions:
(ii) there exists a (unique) upper triangular matrix c g ∈ GL r (B + dR,Cp/K ) whose diagonal entries are 1, such that g(e 1 , . . . , e r ) = (e 1 , . . . , e r )c g for all g ∈ G K .
Then there exists a B 
Proof. Note that we add the extra assumption (ii) and the slightly stronger conclusion (a) to the original proposition. Let U be the subgroup of GL r (B 
We endow U with a G K -stable decreasing filtration {F n } n∈N by F n := {(x ij ) ∈ U |x ij = 0 for 0 < j − i ≤ n}. Then, we have F 0 = U , F r = {1}, F n+1 F n and F n /F n+1 is isomorphic to a direct sum of copies of U ′ h,a with a ∈ N. We have only to prove that the inverse image of the neutral element under the restriction map Res
for n ∈ N consists of the neutral element. Since there exists a G K -equivariant set-theoretic section of the canonical projection F n → F n /F n+1 (for example, we can identify E + i x i,i+n+1 E i,i+n+1 ∈ F n with its image in F n /F n+1 ), the canonical maps
GL are surjective. By using long exact sequences, we have the commutative diagram
whose rows are exact as pointed sets. To prove the assertion, it suffices to prove the injectivity of the restriction map
In fact, it implies the injectivity of the right arrow in the diagram and we obtain the assertion by dévissage and diagram chasing. We first consider the case a = 0, i.e., U
) is killed by the multiplication by [L : K] (using the corestriction), which induces an isomorphism on the coefficient, we have
By the inflation-restriction sequence, we obtain the assertion. Consider the case a > 0. We denote by χ : G K → Z × p the cyclotomic character. Then, we obtain the assertion by the following commutative diagram
where two isomorphisms follow by dévissage and Lemma 1.13, Theorem 1.14 (a theorem of J. Tate) and the injectivities of the horizontal arrows follow from [Col08, Proposition 0.4 (ii)].
Lemma 6.2. We have ( B ∇+ rig,Cp/K0 )
Proof. We first prove the first assertion. Suppose that we have a non-zero element x in ( B 
Proof. Suppose that we have linearly independent elements f 1 , . . . , f n ∈ D GK over K, which have a nontrivial relation i λ i f i = 0 with λ i ∈ B + dR,Cp/K . Choose the minimum n among such n's. Then, we have g(λ i /λ 1 ) = λ i /λ 1 in Frac(B dR,Cp/K ) for 1 ≤ i ≤ n. Hence we have λ i /λ 1 ∈ H 0 (G K , Frac(B dR,Cp/K )) = K and i (λ i /λ 1 )f i = 0, i.e., a contradiction.
Proof. By assumption, we have isomorphisms Proof. Note that the connections are K can -linear by Proposition 1.12. By Remark 1.4 (ii) and Lemma 1.9 (iii), we may reduces to the case K = K 0 . Let ω ∈ ker ∇ 1 . We can write ω = j∈JK dt j ⊗ λ j with λ j ∈ B + cris,Cp/K such that {v cris,Cp/K (λ j )} j∈JK → ∞. We can also write
Recall the proof of Lemma 3.9: We define a 0 = 0 and a n = λ j,n−ej if n j = 0. Then, we have x = n∈N ⊕J K a n u [n] ∈ B dR,Cp/K and ∇(x) = ω. Note that we have x ∈ (B + dR,Cp/K ) G K pf . Hence, we have only to prove x ∈ B + cris,Cp/K . Fix N ∈ N and we will prove that we have v cris,Cp/K (a n ) ≥ N for all but finitely many n ∈ N ⊕JK . Choose a finite subset J of J K such that we have v cris,Cp/K (λ j ) ≥ N for j ∈ J K \ J. We also choose n ∈ N such that we have v cris,Cp/Qp (λ j,n ) ≥ N for j ∈ J and |n| ≥ n. Let n ∈ N ⊕JK \ N J . Then, we have v cris,Cp/Qp (a n ) = v cris,Cp/Qp (λ j,n−ej ) ≥ N for some j ∈ J K \ J. Let n ∈ N J with |n| > n. Then, we have v cris,Cp/Qp (a n ) = v cris,Cp/Qp (λ j,n−ej ) ≥ v cris,Cp/K (λ j ) ≥ N for some j ∈ J, where the first inequality follows from Proposition 3.13. Since the set {n ∈ N J ||n| ≤ n} is finite, these inequalities imply the assertion.
Proof of Main Theorem. Obviously, we may assume r := dim Qp V > 0. By Hilbert 90, we may replace K by K ur . Hence, we may assume that k K is separably closed. By Tate twist, we may also assume that V satisfies the assumption of § 5, i.e., we have
We divide the rest of the proof into two steps: We will construct a finite extension L/K in Step 1 and after replacing L by K, we will prove the semi-stability of V in Step 2. Note that only Step 2 involves the choice of K 0 .
Step 1: Let M := N ∇+ rig (V ) and e 1 , . . . , e r be as in Proposition 5.3. Let {a ′ 1 < · · · < a ′ r ′ } be the set of distinct elements of the multiset {a 1 , . . . , a r } and m i be the multiplicity of a ′ i in the multiset for 1 ≤ i ≤ r ′ . Let {e
mi } be the subset of {e 1 , . . . , e r } satisfying ϕ h (e l ) = p a ′ i e l . We define an exhaustive and separated increasing filtration of M by
The filtration is stable under ϕ and G K -actions. In fact, for 1 ≤ i ≤ n < r ′ and g ∈ G K , we have
where the last inclusion follows from Lemma 6.2. We also define W n := (M n /M n−1 )
mn by Lemma 6.2, whereē
M n . Then, we have the left exact sequence of finite K-vector spaces
Hence, we have an inequalities
for n ∈ Z by Lemma 6.3. By Proposition 5.4, we have an isomorphism of B
which implies dim K D GK n = r for n ≥ r ′ . Hence, the summation of the above inequalities are equalities. Therefore, the above inequalities are equalities, in particular, the map pr. :
GK in (3) is surjective. Thus, we have the commutative diagram
with exact rows and injective vertical arrows by Lemma 6.3. Since the middle vertical arrow is an isomorphism for n ≥ r ′ by (4), all vertical arrows are isomorphisms. In particular, for 1 ≤ n ≤ r ′ , we have isomorphisms of
mn for 1 ≤ n ≤ r ′ and 0 ≤ i < h, which implies the C p -admissibility of W n by Lemma 6.4. Hence, G K acts on W n factoring through a finite quotient by Theorem 2.1. We choose a finite extension L/K such that G L acts on W n trivially for all 1 ≤ n ≤ r ′ and that L satisfies Condition (H).
Step 2: By replacing V by V | L , we will prove that V is semi-stable by calculating Galois cohomology associated to N ∇+ rig (V ). In the following, we fix K 0 and a lift {t j } j∈JK of a p-basis of k K in K 0 . We regard {t j } j∈JK as a lift of a p-basis of k K in K. We also fix notation: For a commutative ring R, let U r (R) ⊂ GL r (R) be the set of upper triangular matrices, whose diagonals are equal to 1. Let N r (R) ⊂ M r (R) be the Lie algebra of U r (R), i.e., the set of upper triangular matrices, whose diagonals are equal to 0. We denote U 
we have only to prove that c is a 1-coboundary in U r (K ⊗ K0 B + st,Cp/K0 ). We have the exact sequence of pointed sets
In fact, since we haveē
GK for 1 ≤ n ≤ r ′ and 1 ≤ i ≤ m n by assumption, there exists a unique element e 
We leave the proof of Lemma 6.6 to the end of the proof. Thanks to the lemma, there exist X 1 ∈ U r (K ⊗ K0 (B cris,Cp/K0 ) G K pf ) and X 2 ∈ U ∇+ r,dR such that 
Note that the canonical map 
where the first isomorphism easily follows from Remark 1.4 (ii) and the second one is trivial. Thus, we have
st,Cp/K0 ), which implies the assertion. Now, we return to the proof of Lemma 6.6. We endow M r (B 
induced by the left (resp. right) multiplication on M r (B + dR,Cp/K ). We also define a wedge product
Then, we have the following formulas
which is G K -equivariant. (Note that it does not preserve the group laws in general.) Since we have dlog(XA) = dlog(X) for A ∈ U ∇+ r,dR and X ∈ U 
Since the inverse image of {0} by dlog is U ∇+ r,dR , we have X ∼ Y . By taking H 0 (G K , −) of dlog * , we have an injection of sets dlog
We define a decreasing filtration on N r (B
Then, we have Fil
Then, by a simple calculation using the above formulas, we have
. Then, by a simple calculation, we have
Hence, we have dlog(X (r) ) = ω, which implies the assertion.
Applications
We will give applications of Main Theorem. In § § 7.1, we will recall linear algebraic structures, which appear in the following. In § § 7.2, we will prove a horizontal analogue of the p-adic monodromy theorem. The results of the next two subsections are applications of this theorem. In § § 7.3, we will prove an equivalence between the category of horizontal de Rham representations of G K and the category of de Rham representation of G Kcan . In § § 7.4, we will prove a generalization of Hyodo's theorem 1.15. In this section, unless particular mention is stated, we will denote B 
Additional structures
In the following, let V ∈ Rep Qp G K . For • ∈ {cris, st, dR, HT}, the vector space D ∇ • (V ) has an additional structure, which we will recall following [Fon94b] .
• The Hodge-Tate case We define a graded K-vector space as a finite dimensional K-vector space D endowed with a decomposition D = ⊕ n∈Z D n . Denote by M G K the category of graded K-vector spaces. The graded ring structure on B ∇ HT induces a graded K-vector space structure on D ∇ HT (V ). Hence, we have a ⊗-functor
Assume that we have V ∈ Rep ∇ HT G K . We define the Hodge-Tate weights of V as the multiset consisting of n ∈ Z with multiplicity m n :
GK . Since the comparison isomorphism α ∇ HT is compatible with G K -actions and gradings, by taking the degree zero part, we have an isomorphism of
which is refered as the Hodge-Tate decomposition of V . Note that if V ∈ Rep Qp G K admits such a decomposition, then it is horizontal Hodge-Tate.
• 
• The cristalline and semi-stable cases We first define filtered (ϕ, N, G L/K )-modules for our later use. • the Galois action: an L can,0 -semi-linear action of G L/K , which is commutative with ϕ and N ,
• the filtration: a decreasing filtration {Fil
Denote by M F (ϕ, N, G L/K ) (resp. M F Kcan (ϕ, N ), M F Kcan (ϕ)) the category of filtered (ϕ, N, G L/K )-modules (resp. filtered (ϕ, N )-modules relative to K can , filtered ϕ-modules relative to K can ).
(ii) Let D ∈ M F Kcan (ϕ, N ) and r := dim Kcan,0 D. We define t N (D) and t H (D) in the following way:
First, we consider the case r = 1. If we have v ∈ D \ {0} and ϕ(v) = λv, then v p (λ) ∈ Z is independent of choices of v. We denote it by t N (D). We denote by t H (D) the maximum number n ∈ Z such that Fil n D Kcan = 0. In general case, we define
We say that D is weakly admissible if we have Let ♠ ∈ {cris, st}. By Proposition 3.16, we have a In Proposition 7.5 (ii), we will prove that the above functors induce equivalences of categories, i.e, are essentially surjective.
A horizontal analogue of the p-adic monodromy theorem
The following is a horizontal analogue of the p-adic monodromy theorem. Note that the converse is true by Hilbert 90 and Corollary 4.3. We may assume that L/K is a finite Galois extension satisfying Condition (H) by the proof of Main Theorem (Step 1) and Epp's theorem 1.6. The extension L can /K can is finite Galois by Lemma 1.5 (ii). We will prove the assertion for K ′ = L can . We have canonical isomorphisms
where the first one is induced by a canonical isomorphism L can ⊗ Lcan,0 L 0 → L (Remark 1.4 (ii)), the second one follows by using Lemma 1.19 and Proposition 3.16. Moreover, these maps are commute with the residual G L/K -actions and the ∇-actions. By taking the horizontal sections, we have
where the third equality follows from the fact ∇| Lcan = 0. By taking G L/K·Lcan -invariants, we have D 
Equivalences of categories
The surjection of profinite groups ı * : G K → G Kcan induces a ⊗-functor of Tannakian categories , which commutes with ϕ and N -actions, is an isomorphism of K can,0 -vector spaces. We have only to prove that the map also preserves the filtrations. Obviously, we have Fil
To prove the converse, it suffices to prove that the associated graded modules of both side have the same dimension since the filtrations are exhaustive and separated. Let C p ⊗ Qp V ∼ = ⊕ n∈Z C p (n) mn be the Hodge-Tate decomposition of V . Then, it induces the Hodge-Tate decomposition of ı * V , i.e., C p ⊗ Qp ı * V ∼ = ⊕ n∈Z C p (n) mn , which implies the assertion. In the horizontal cristalline case, a similar proof works by replacing M F for D ∈ M F wa (ϕ, N, G Lcan /Kcan ) by construction. Since both sides have the same dimension over Q p , this inclusion is an equality. By the commutative diagram, the functor ı * dR : C Lcan/Kcan → C L/K is essentially surjective.
Let V ∈ Rep ∇ dR G K . By Theorem 7.4, we have a finite Galois extension K ′ /K can such that V | G KK ′ is horizontal semi-stable. Let L := KK ′ . By Lemma 1.5 (iv), we have L can = K ′ , i.e., L/K satisfies the above assumption. Since we have V ∈ C L/K , the assertion follows from the essentially surjectivity of ı * dR : C Lcan/Kcan → C L/K .
The above equivalence induces a Q p -linear isomorphism of Ext 1 on Rep dR G Kcan and Rep
